Speculative storage in imperfectly competitive markets

Sébastien Mitraille* Henry Thillef

July 7, 2014

Abstract

Markets for many commodities are characterized by imperfectly competitive produc-
tion as well as substantial storage by speculators who are attracted by significant price
volatility. We examine how speculative storage affects the behaviour of an oligopoly pro-
ducing a commodity for which demand is subject to random shocks. Speculators compete
with consumers when purchasing the commodity and then subsequently compete with pro-
ducers when selling their stocks, resulting in two opposing incentives: on the one hand,
producers would like to increase production to capture future sales in advance by selling
to speculators; while on the other hand, they would like to withhold production to deter
speculation, thereby eliminating the additional supply from speculators in future periods.
We find that the incentive to sell to speculators can be quite strong, potentially resulting
in prices sufficiently high to drive consumers from the market. Furthermore, these in-
centives are non-monotonic in the number of producers: speculative storage occurs more
frequently in a relatively concentrated oligopoly than in the extremes of monopoly or

perfect competition.
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1 Introduction

Commodity market speculation and imperfect competition are two topics that have long
been of interest to economists. Despite the attention given to each topic individually, lit-
tle is known about market performance in circumstances where oligopolistic producers and
competitive speculators interact, a topic that has recently been the subject of considerable

L' This attention has triggered substantial academic interest investigating

public attention.
the relationship between inventories and speculative trading on commodity markets from an
econometric point of view.? However, little is known from a theoretical perspective on the
performance of these markets in which oligopolistic producers face the constraints that com-
petitive speculation places on price dynamics. In this setting, strategic considerations may
be fundamental to production decisions which ultimately affect the level of inventories car-
ried in equilibrium. Understanding the consequences of the interaction between imperfect
competition and competitive speculation is the issue addressed in this paper.

We analyze a model in which an oligopoly produces a good over a finite time horizon
with demand subject to stochastic shifts. In addition to producers and consumers there
are speculators who are able to store the good between periods. When storage by these
speculators is possible, the net demand faced by producers is affected: on the one hand,
speculators increase demand for the product when price is low as they buy the good to store
for future sale; on the other hand, speculators increase the supply of the product when price
is high and they wish to sell from their inventories. Hence speculators are competitors to
producers when selling and competitors to consumers when buying, changing the effective
demand faced by producers. With imperfectly competitive producers, this effect of storage on
net demand raises the possibility that producers’ behaviour may be affected through strategic
motives to influence future demand states. It is the main purpose of this paper to analyze
the strategic effect that speculative storage has on producer behaviour.

We obtain the result that, when expected demand growth is relatively large, speculators
may purchase the entire first period output, resulting in zero first period consumption. This
occurs when speculators value the good in the first period more highly than consumers do

essentially out-bidding them for the current production.? This result is particularly interesting

IFor example, the impact of shortage risks on some strategic commodity markets has been the object of
the European Commission (2011), who list 14 critical raw materials (Antimony, Beryllium, Cobalt, Fluorspar,
Gallium, Germanium, Graphite, Indium, Magnesium, Niobium, Platinum Group Metals, Rare earths, Tan-
talum, and Tungsten) for which concentration is high and supply lies in the hands of a few firms or in the
control of a very small number of countries. Smith (2009) points out that the world oil market is characterized
by oligopolistic supply where OPEC is dominant along with speculation by both “commercial” and “non-
commercial” traders. Finally, non-ferrous minerals such as nickel and aluminum are produced in oligopolistic
conditions and trade on the London Metal Exchange which facilitates speculation.

2Frankel and Rose (2010), Kilian (2008, 2009), Kilian and Murphy (2014).

3This equilibrium is related to the “entitlement failure” used by Sen (1981) to explain how famines can
occur even when production is not particularly low and storehouses contain grain. In this situation, speculators’



since in much of the public discussion of recent events in commodity markets there is a
recognition, implicit or explicit, of the extreme form of competition speculators exert to other
market participants, a competition that is often viewed as detrimental by neither “ensuring
an efficient, economic and regular supply to consumers” nor “a fair return for those investing
in the industry”?. In this respect, the example of developing countries struggling to satisfy
their needs on the demand side, as emphasized by regulators or international agencies, is
striking. In circumstances where current demand is low compared to expected future demand,
which could correspond to the recent economic boom in Asia leading to expectations of rapid
growth in demand, the entire output may be purchased without being consumed and paid
at the expected future price which is disconnected from current demand. In that case, the
market price is “high”, the inventories are “large”, and the consumption is “nil”.> Our analysis
demonstrates that the likelihood that we see this outcome is increasing as production becomes
more concentrated.

We also find that the extent to which equilibria arise in which speculators carry stocks
is non-monotonic in the number of firms, being lower for the two extremes of monopoly and
perfect competition and highest for an intermediate number of firms. This result is due to two
countervailing forces in our model: first, producers have an incentive to sell to speculators in
order to capture future sales in advance; second, producers have an incentive to deter specu-
lation in order to limit the future competition that is represented by speculative inventories.
While the former incentive is absent in monopoly, but present in every oligopolistic market
where a price differential allows speculators to store, the latter exists only when the price
differential is limited, so that a small reduction of output reduces speculation. This may hap-
pen either under monopoly, where the firm reaps the entire benefit of deterring speculation,
or under more competitive market structures, where prices are closer to marginal cost which
limits the benefit of sales to speculators.

Modern approaches to the study of speculation in perfectly competitive markets was pio-
neered by Gustafson (1958) who was the first to formulate the problem in a dynamic program-
ming context and highlight the difficulty for the solution of the model caused by the restriction
that aggregate inventories cannot be negative. Samuelson (1971) showed that the speculative
storage problem could be reformulated as a social planner’s problem. The theory pertaining
to the rational expectations competitive storage model was further developed in a series of
works including Newbery and Stiglitz (1981), Scheinkman and Schechtman (1983), Newbery
(1984), Williams and Wright (1991), Deaton and Laroque (1992), and McLaren (1999). The

willingness to pay for the available supply exceeds that of consumers. This case is also relevant to the policy
debate regarding anti-hoarding laws (see Wright and Williams (1984)).

4These objectives are part of the OPEC mission in the petroleum industry, as can be read on their website,
http://www.opec.org/opec_web/en/about_us/23.htm

SEven without the full exclusion of consumption, when both consumers and speculators are purchasing
output, current consumption is displaced by speculative purchases to some extent.



focus in this literature is on the effects of storage on the distribution of prices caused by the
movement of production across periods resulting from random production (harvest) shocks.
As aggregate inventories cannot be negative, speculators smooth prices across periods only
when positive inventories exist. Unexpectedly high prices result in stock-outs which leads to
a breakdown of the price smoothing role of speculative storage.

Market power in commodity markets has been considered by examining imperfect com-
petition in the storage function (Newbery (1984), Williams and Wright (1991), and McLaren
(1999)), but production itself remains perfectly competitive in these works, hence there is no
scope for strategic considerations on the part of producers. Another common element of these
works is a focus on agricultural commodities, for which the assumption of perfectly competi-
tive production is justifiable. However, for other commodities, such as metals, the assumption
of perfectly competitive production is harder to justify. The problem of a monopoly producer
facing competitive storage was touched on briefly in Newbery (1984), who demonstrated that
speculation resulted in discontinuous marginal revenue for the monopolist. Mitraille and
Thille (2009) examine a monopolist producer facing competitive storage using a model with
capacity constrained speculators. They show that both the level and variance of prices are
affected by speculation under monopolistic production. In particular, the presence of spec-
ulators may cause the monopolist to set a price higher than the monopoly one in order to
eliminate competition from speculative sales in future periods, a result similar to that of limit
pricing. In this paper we allow for an arbitrary number of firms and impose no constraint
on speculative capacity, which allows us to examine the consequences of speculation for the
functioning of an oligopolistic market.

Our paper lies at the cross-roads of two streams of research in industrial organization:
imperfect competition under demand uncertainty on the one hand, and the literature studying
strategic uses of storage on the other hand. Demand uncertainty was examined in the seminal
article by Klemperer and Meyer (1986), in which price or quantity competition interacts
with demand uncertainty in a static game where decisions are taken before uncertainty is
revealed in order to examine the preference of firms for price versus quantity competition.
In our dynamic model of Cournot competition, demand uncertainty can cause producers to
manipulate speculation in either a pro- or anti-competitive manner, depending on current
demand relative to future demand.

The strategic use of storage has been examined in cases where either producers or con-
sumers perform the storage. Arvan (1985), Thille (2006), and Mitraille and Moreaux (2013)
examine the former case, in which producers store for strategic reasons, as inventories are
accumulated in order to gain a cost advantage. Storage by consumers is more similar to the
model of speculative storage that we examine in that storage is undertaken by competitive
agents. Consumer storage with duopoly production is examined in Anton and Varma (2005)

and Guo and Villas-Boas (2007). Whereas Anton and Das Varma show that consumer stor-



age has a pro-competitive effect in a two-period duopoly, Guo and Villas-Boas show that
horizontal differentiation may mitigate this effect. Consumer storage under monopoly pro-
duction is examined by Dudine et al. (2006) who find that consumer storage can have an
anti-competitive effect as the monopolist may raise price to limit storage. By examining a
general n-firm oligopoly facing demand uncertainty, we are able to discuss under what con-
ditions these pro- and anti-competitive effects occur. Furthermore, we show that the effect
of speculation on the outcome of an oligopolistic market is non-monotonic in the number of
competitors.

We next provide a description of our T-period model, followed by an analysis of the
equilibrium in period 7" — 1, for which we obtain some analytic results due to the fact that
the period T equilibrium is relatively straightforward to obtain. We then demonstrate the
robustness of these results by computing the equilibrium for an earlier period in which the

influence of the final period is minimal.

2 Model

Consider the market for a homogeneous product consisting of producers, consumers, and
speculators. We wish to focus on the effects of speculation alone, so we assume that all
agents are risk-neutral. There are n producers who compete in quantities over T' periods.
Let § € (0,1] be the agents’ common discount factor. In each period ¢, firm i € {1,...,n}
chooses the quantity to produce, ¢¢ € RT. All firms face the same quadratic cost function of
%qu. Convex production costs are not crucial to our results, however, as we discuss below,
speculators’ behaviour can lead to non-concavities in producer revenue, which can be mitigated
by assuming sufficiently convex production costs. We assume that firms are unable to store
their production between the two periods.b
In order for speculation to be potentially profitable, we require some price variation over
time. We ensure this by having demand vary randomly across periods,” which also implies
that storage is potentially socially valuable in this model as it allows producers to smooth
their convex production costs over time. In each period, consumers’ aggregate demand for
the product is given by,
D(at, pt) = max[a; — pt, 0] (1)

where a; is drawn from a uniform distribution on [0, A] for each ¢t. Combined with sufficient

cost convexity, the assumption of a uniform distribution for the demand uncertainty allows

SClearly it would be more realistic to allow firms to also store, however that would add a substantial degree
of complexity to the analysis potentially clouding the effects of independent speculators. See Arvan (1985),
Thille (2006), and Mitraille and Moreaux (2013) for analyses of producer storage under imperfect competition.

"Having the source of variation be in demand means that for a sufficiently large number of producers
speculation will not occur as price will tend to equality in the two periods.



us to compute closed-form solutions for the equilibrium quantities in period T'— 1. Random
changes in a; may be interpreted as random shocks affecting the distribution of income in
the population of consumers from period to period, modifying the willingness to pay for the
product sold by firms and stored by speculators. The distribution of the intercept of market
demand is common knowledge to both producers and speculators who learn the current state
of demand, a;, prior to any production or storage decisions in a period. Information is
consequently symmetric between producers and speculators.

We denote the aggregate quantity produced in period ¢ by @, and the aggregate quantity
produced by all firms but i by Q; ", where Q; = >, ¢¢ and Q; ' = Dot i ). Producer i’s
payoff, II*, is
c

sl (2)

T
' = Ey Y 6 [pugf —
t=1
where E; denotes the expectation operator with regard to the random demand intercept
conditional on information at time t.

We model speculation in the same way as is done in the competitive speculative storage
literature (Newbery (1984), Deaton and Laroque (1992, 1996)). In each period a large number
of risk-neutral, price-taking agents exist who have access to a storage technology and face no
borrowing constraints. The storage technology allows speculators to store the commodity at
a unit cost of w between periods, so the expected return to storing a unit of the commodity
between periods ¢t and ¢+ 1 is §(E¢[pi+1] —w) — pr. We use Xy to denote aggregate speculative
sales in period ¢ (purchases have X; < 0) and H; to denote beginning of period stocks.
Consequently, inventory dynamics follow Hyy 1 = H; — X; and we assume that inventories
unsold at the end of period T can be disposed of at no cost. To ensure that speculation is
at least potentially profitable, we assume that consumers expected valuation exceeds the unit
cost of storage, A/2 > w. In addition, since it plays an important role in the model, we
define p§(Hy11) = Ey[pi+1] to represent the expected next-period price when stocks of Hyyg
are carried into the next period.

The timing of moves within a period is simply the standard Cournot timing with demand
adjusted for net speculative supply: producers observe a; and Hy; and then set their output, ¢;.
Price adjusts to clear the market with demand now equal to the sum of consumer demand and
speculators’ net demand. We search for the subgame-perfect Nash equilibrium to this game
with rational expectations on the part of all agents. In any period ¢t = 1,2,...,T, V; +(Hz, at)
will denote the present value of the expected payoff to producer i from ¢t to 7" when producers
play their Nash equilibrium strategies, and V&, (Hiy1) = Et [W7t+1(Ht+1, at+1)] will denote the
expected continuation payoff to producer ¢ when speculators carry H;,1 into the next period.

In order to complete the specification of producer payoffs, we now work out the effect

of speculation on the net demand faced by producers. The aggregate behaviour of these



speculators ensures that p; > 0(p§(Hit1) — w) with a stock-out occurring if the inequality
is strict. The non-negativity constraint on aggregate speculative inventories implies that

speculators’ aggregate behaviour satisfies the complementarity condition
Hi—X; 20, p—0(p°(Hegr) —w) 20, (Hy = X)(pe — 6(p°(Hey1) —w)) = 0. (3)

Either no inventories are carried and the return to storage is negative, or inventories are
carried and the return to storage is zero. We will use X;(Q:) to denote the equilibrium
storage undertaken when producers sell Q; in aggregate. The market clearing price, P;(Q:),

must be such that, given Q;, the total of consumer and speculative purchases satisfy

Di(at, P(Qr)) — X (Qr) = Q1. (4)

From (3), there is a threshold level of aggregate output, which we denote QF, below which
pr > 6(p§(0) —w), as speculators cannot carry negative inventories. This threshold is the level

of output which leads to zero return to speculation when there is a stockout:
a; — Hy — Qf = 8(pf(0) — w). (5)

For Q; < QF the slope of net demand coincides with that of consumer demand, while for
Q¢ > QF the slope of net demand differs from that of consumer demand due to the dependence
of speculative sales on aggregate output. Note that it is possible that QtL < 0 in which case
a stockout cannot occur.

Another threshold for aggregate output is possible due to the competition that speculators
pose to consumers when they purchase the good for storage. Speculators’ purchase the good
when the price is relatively low. To the extent that a low price results from a low a;, speculator
and consumer demands are negatively correlated in this situation, introducing the possibility
that speculators squeeze consumers out of the market. The exclusion of consumers will occur
if speculators value producers’ output more highly than consumers do: §(p$(Hy + Q) — w) >
at. Consequently, there is another threshold output, which we denote @t, for which only
speculators buy if @ < @t and consumers buy and speculators carry inventories if QQ; > @t.
This threshold is determined by the level of aggregate output that just extinguishes consumer

demand:
ar = 0(pf (Hy + Q1) — w). (6)

As with QF, the slope of the demand faced by producers changes discontinuously at @t. It is

important to note that only one of QF and @t can be positive as long as p§() is a decreasing

function.®

8If both thresholds were positive, both (5) and (6) must hold. The left hand side of (6) is clearly higher
than that of (5) while the right hand side of (6) is lower than that of (5) if the expected price function is



The final aspect of the behaviour of speculators that needs to be determined is the quantity
that they buy or sell when aggregate output exceeds the relevant threshold, QF or @t. This
quantity can be determined implicitly by the relationship between p; and p§(H;41) that must

hold. We denote speculative sales in this case as )Z't(Qt), which is the solution in X to
at—X—Qtzé(pf(Ht—X)—w). (7)

Applying the Implicit Function Theorem to (7) shows that X;(Q) is strictly decreasing as
long as pf is decreasing, which is verified in the following sections. The higher the aggregate
output, the smaller the market clearing clearing price is and the larger speculative purchases
are (in absolute value), inducing larger final period inventories. Speculative sales are then
given by

H, if Q< Qf and Qf >0

X:(Qt) = _Qt if Qt < Q\t and @t >0 (8)
X,(Q;) otherwise.

As only one of QF and @t can be positive, only one of the first two conditions in (8) is possible
for a given (Hy,az). The quantities QF and X;(Q;) are consistent with what is found in the
competitive storage literature. Compared to that literature however, the existence of @t is
novel, as in our setting the possibility that consumers do not purchase must be considered.
Studying this possibility is particularly important as the incentives of oligopolists to produce
when consumer demand is low enough are entirely driven by the future expected price paid
by speculators and not the value of consumers’ current demand.

Given the behaviour of speculators in (8), we can now state the inverse demand net of

speculation that producers face:

ar— Hy — Qy if Qr-1<Qfand Qf >0
Pt(Qt) - 5(p§(Ht+1 + Qt) — w) if QT,1 < @t and @t >0 (9)
as — )?t(Qt) — Q¢ otherwise.

With the behaviour of speculators determined by (8) and (9), payoffs to producers can be
specified entirely in terms of output. The marginal payoff to a firm in any period will be
discontinuous at an output that results in aggregate output of QF or @t, so the nature of the
equilibrium in period ¢t depends on where aggregate output falls in relation to these thresholds.
First, a stockout may occur in which speculators sell their entire stocks and consumers buy

the total of speculative and producer sales. We will denote this type of equilibrium with a

decreasing in future stocks, so both (5) and (6) cannot hold simultaneously.



C. Second, consumers may buy nothing and speculators purchase the entire output of firms,
which we will denote with an S. Third, consumers may make some purchases and speculators
carry inventory into the following period, denoted with a C'S. Finally, there is the possibility
that producers deter speculators by producing exactly QF in aggregate, which we will denote
with an L.

It is not possible to find the equilibrium analytically for the general T-period game due to
the difficulty in determining the expected price function.” In our game, the discontinuities in
marginal profit also contribute to the difficulty in finding closed-form solutions. However, we
are able to derive analytic results for the equilibrium in period T'— 1 which we turn to in the
next section. Following that, we verify that the types of equilibria that we find in period T'—1
exist also in earlier periods by solving the game with numerical approximation techniques in

section 4.

3 Equilibrium in 7" — 1

In this section we present results that characterize the equilibrium in period T'—1 by deriving
closed-form representations of the expected price function and equilibrium quantities. We
start by presenting the equilibrium outcome for period T and then derive speculators’ optimal
behaviour and the implications for producers marginal profit. We then analyze the equilibrium

in period T'— 1

3.1 Period T equilibrium

Since there is no salvage value to inventories held at the end of 7', speculators will sell the
quantity they have stored as long as pr > 0. In this case aggregate speculative sales are equal
to X7 = Hyp. If on the other hand the aggregate quantity stored by speculators is such that
the market price is equal to zero once Hr is sold, then the aggregate speculative sales cannot
exceed the maximal quantity consumers are ready to buy given the aggregate production of
firms, ar — Q7. In that case, aggregate speculative sales are simply X7 = ar — Q7 and the

price is zero. Consequently, the inverse demand faced by producers in the final period is
PT(QT) = max{aT — HT — QT, O} (10)

Given the inverse demand net of speculative sales, Pr(Qr), each producer chooses the
quantity g% to maximize its second period profit, 74 = Pr(Qr)¢ — %q%Q, with respect to

the quantity produced q%. The unique and symmetric pure strategy Nash equilibrium for the

9This is true even for the perfectly competitive case as has been known since Gustafson (1958)



final period subgame is given by the following functions of the period T state, (Hp,ar):

qr(Hr,ar) = %(1 — B)max[ar — Hr,0], Qp(Hr,ar) = (1— B)max[ar — Hr,0], (11)

pr(Hr,ar) = Bmax(ar — Hr, 0], (12)
X7(Hr,ar) = min[Hr, ar], (13)

with the final period value given by equilibrium profit:
VT(HT, (IT) = W;(HT, CLT) = 'y(max[aT — HT, 0])2. (14)

where 8= (1 +¢)/(n+1+c) and v = (2 + ¢)/2(n + 1 + ¢)? both belonging to (0,1). For a
given ¢, (3 reflects the impact of competition on the market price and ~y reflects the impact of
competition on each firm’s profit in period 1. The larger the number of producers the closer

$ and 7 are to zero. The expected price function p_,(Hr) can now be defined:'°

A
p°(Hr) = Er_1[Pr|Ht] = B B(a — Hr)/A da

= (8A/2)(1 — Hr/A)? (15)

3.2 Implications for producer marginal profit

Before determining the equilibrium in period T'— 1 we need to understand the implications of
speculators’ behaviour, as given in (8) and (9), on producers’ marginal profit. It is possible
to do this analytically since we have closed-form solutions for Q%, @, and X (Qr_1).M' Let
Hi(q,fr_l, Q;i_l) denote the total profit to firm ¢ over the last two periods when it produces qi;p_l

and the other firms produce Q;il in aggregate while incorporating the period 7' equilibrium:

if i —i i Ci 2 %
" (qr_1, QT—l) = Pr_1(Qr-1)q¢7_1 — §QT—1 + 6B 1 [Vr(Hr-1 — X7_1(Q71-1),ar)] (16)

with Qpr_1 = qi;p_l + Q}i_l. As speculators’ position, X}._;(Q7—1), and inverse demand,
Pr_1(Qr_1), are continuous'? and piece-wise differentiable, individual profit is also continuous
and piece-wise differentiable. The marginal profit of a firm choosing a level of output ¢%_;,

where it exists, is equal to

oP . 20~ dX7%
T1Z1+PT1(QT1) CQT1+ B’Ysz:ile

Hfz(q%fh@;iq) 907 qr p*(Hr—1— X7 1(Q7-1))

(17)

10For the rest of this section, we drop the T — 1 subscript on variables where there is no confusion.
HThese are presented in Lemma 1 of Appendix B
12Continuity follows from the definitions of Q%, Q, and X (Qr—_1).
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where the last term is from Lemma 2 of Appendix B. Marginal profit is discontinuous at
the thresholds Q¥ and @ for two reasons: from (9), the marginal effect of output on price is
discontinuous; and, from (8), the marginal effect on expected future profit is discontinuous
through the effects on future inventories. When a stockout occurs, 0 < Qr_; < QF, no
inventories are carried into the final period so expected period T profit is not affected by
output and period T'— 1 marginal profit is simply that of a Cournot model with consumer
demand reduced by Hp_1. We denote marginal profit in this case by ng(ql;r_l, Q;i_l). When
inventories are carried into the final period, both price and future inventories are affected by
a firm’s choice of output in a manner that depends on whether consumers purchase the good
or not. In the case that consumers are excluded from purchasingin T —1,0 < Q7_1 < @, we
denote marginal profit as H;? (¢5_4, Q;il), while when consumers purchase and inventories
are carried into the final period we denote marginal profit as HqCS(q%Ll’ Q:}il).lg’

In order to find values of (Hp_1,ar—1) for which a unique symmetric equilibrium exists,
we work under an assumption that guarantees that marginal profit is strictly decreasing apart
from the points at which aggregate output meets the thresholds Q%_l and @T,l. Whereas
this property is trivially satisfied when a stock-out occurs, it is not automatically the case
when speculators carry inventories to the final period. A sufficient condition for marginal
profit to be strictly decreasing in the S and C'S cases is that production cost be sufficiently

convex:
Assumption 1 (Cost convexity). ¢ > §f8

This assumption ensures that when there is an equilibrium candidate of the S or C'S type,
it is the unique one of that type. The only potential problems for the existence or uniqueness
of equilibrium are then associated with the discontinuities in marginal payoffs at Q%’—1 and
@T_l. Note that, since 8 is declining in n, Assumption 1 is more constraining for more
concentrated market structures. This implies that, if Assumption 1 holds for n = 1, it will
hold for all n. We can now summarize the characteristics of period 7' — 1 marginal profit in

T — 1 with the following proposition:
Proposition 1. The marginal profit of producer i, Hfl(q%_l, Q;f_l),

(i) jumps up at the output level such that consumers start to buy the product, qéﬂ_l =

@ — Q;il, whenever this output level exists and is positive;

(ii) jumps up or down at the output level such that speculators start to buy the product,

q%,l =Qr — Q;i_l, whenever this output level exists and is positive.

Furthermore, under Assumption 1, marginal profit for firm i is strictly decreasing when in-

ventories are carried into the final period.

13The precise expressions for Hqc7 H;f, and Hqcs are given by (67), (65), and (66) in Appendix B.
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Proof: See Appendix A.

Proposition 1 has important consequences for the nature of equilibrium. First, as is
well known, the possibility of upward jumping marginal profit may generate multiple local
solutions to the firm’s optimization problem. Second, the possibility of an downward jump
at qﬁ;p_l =Ql — Q:;l—1 suggests that an equilibrium may exist in which all producers choose
output levels such that the industry output is equal to Q. In this case a stockout is induced
and the first period price is equal to 6(8A/2 — w). As Mitraille and Thille (2009) showed in
this context for a monopoly, this limit outcome, L, is a possibility in an oligopoly as well.

In addition, Proposition 1 guarantees that a local solution to the first order condition
is unique in the interior of the regions in which C, S, and CS are possible outcomes. To
establish the existence of an equilibrium, we then need only check that no profitable deviation

to another type of equilibrium (across the Q% or Q thresholds) exists.

3.3 Equilibrium

The equilibrium quantities for each of the different types of equilibria are now determined,
beginning with the one in which consumers are excluded from the market. The consumer
exclusion equilibrium, S, occurs when speculators’ marginal valuation of the T' — 1 output is

higher than ap_1. We establish the existence of an .S equilibrium in the following proposition:

Proposition 2. For ar_1, Hr_1, and n sufficiently small, an S equilibrium exists in which

output for an individual firm is given by

6(8-2y+2)(A-Hp )+ 24— VA

5(6—27—1—2%)75

qs =

with

-2
B 5 7+§>A(5w+ C(A—HT_1)>

n

A= (-‘w(A — Hr 1)+ CA>2 +46 <
n n
Proof: See Appendix A.

The S equilibrium occurs in circumstances where current demand, ar_1, and existing
inventories, Hp_1, are low compared to expected future demand, and only occurs for relatively
concentrated market structures, which is due to the strategic incentive to increase T'— 1 sales
by selling to speculators.

Turning now to the other types of equilibria, the existence of C', C'S, and L has been
demonstrated in the previous literature for monopolistic and perfectly competitive production.
In the case of monopoly production, Mitraille and Thille (2009) show that all three of these

are possible, while the large literature with competitive production shows that both C' and C'S

12



occur in that case. Not surprisingly, these equilibria may also occur in our oligopoly model
and we present the conditions under which they obtain for period T'— 1 in Appendix B. Here
we present the equilibrium output for each of these cases in period T — 1.

The smoothing equilibrium candidate, C'S, with individual firm output of gcg, has both
speculators carrying inventories to the final period and consumers buying the product in
period T — 1. It obtains when Hqcs(ch, (n —1)gcs) = 0 and we show in Appendix B that
output is given by

_1 K2 * A K2 * ?
QCS—n<aT1—HT1+6w+A—A(—3K1+Z> 5B2< 3K1+Z> (18)

where Z*, K1, and K5 are functions of ap_1, Hyr_1 and model parameters.

The output levels for the equilibria in which speculators do not carry stocks into the
final period are much simpler to obtain. In the stockout equilibrium, C, speculators sell all
inventories Hp_1 they own at the beginning of period T'—1. Equilibrium quantities are defined
by HqC (gc, (n — 1)gc) = 0, which is simply the Cournot outcome when consumer demand is

reduced by speculative inventories Hy_;. Individual producer output is then
1
qo = 5(1 — B) max[ap—_1 — Hp_1,0]. (19)

Finally, speculation may be deterred. As Proposition 1 states, marginal profit may be
jumping down at an aggregate output level equal to Q:Lp_l. It is possible that firms choose
output levels lower than qcg, ensuring that speculators sell all inventories in period 7" — 1.

When speculation deterrence occurs, individual firm production is

1 A
@w= <(IT—1 — Hp_q — 555 + 5w> , (20)

and in this case the equilibrium price is p;—1 = §8A/2 — Jw, which is the minimum price

consistent with zero inventories being carried to the final period.

3.4 The non-monotonic effects of market structure

We now demonstrate that the incentive to sell to speculators is non-monotonic in the number
of firms by examining two specific cases: i) the incentive to sell to speculators when they
are the only source of demand, and ii) the existence of the L equilibrium. To examine the
incentive to sell to speculators in isolation, it is useful to examine the S equilibrium described
in Proposition 2 with Hp_; = ap—_; = 0 and zero cost of production, ¢ = 0, in order to

examine the marginal profit of an individual firm when aggregate production is zero. This

The argument that follows does not rely on Hr_; and ar_1 being zero, just that they are low enough that
Proposition 2 applies.
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allows us to emphasize how the incentive to sell to speculators varies with the number of firms
while abstracting from any other incentive to produce.'® In this case, demand in 7' — 1 can
only come from speculators, who buy any output produced as long as pr_; is not too high.
To characterize the incentive for producers to sell to speculators in this setting, consider the
marginal profit faced by a firm when industry output is in fact zero. In this case Hf takes

the relatively simple form:!

117(0,0) = 6 ((5 — 27) A/2 — w) (21)

Note that for ¢ = 0, 8 — 2y = (n — 1)/(n + 1)2, which is zero for a monopolist: even though
speculators would be willing to buy the commodity at a positive price, the monopolist will not
supply them with output. This is not the case for an oligopoly. For n > 1, HqS (0,0) is strictly
positive if the cost of storage is low enough and firms will want to produce positive output even
with zero consumer demand. In addition, this effect is non-monotonic in n: (n —1)/(n + 1)?
reaches a maximum for n = 3 and stays above 1/9 (its value when n = 2) for n between 2 and
5. It decreases to 0 as n goes to infinity. In this simple setting, this non-monotonicity is due
to the strategic effect of competitive storage: by selling to speculators in T'— 1, firms capture
some of the period T expected demand. This effect is absent under monopoly, where there is
no competition for future demand, and under perfect competition, where the strategic effect

is absent. To summarize this result we have

Proposition 3. For ar_y and Hr_1 close to zero and ¢ = 0, a firm’s marginal profit when
ndustry output is zero, Hg(0,0), 1s larger under oligopoly than under either monopoly or

perfectly competitive market structures.

For ¢ > 0 this strategic motive to sell to speculators is balanced by the incentive to smooth
production costs and the net effect of market structure on the equilibrium outcome depends
on the relative strength of these two incentives.

We can also see the non-monotonic effect of the number of firms by examining the con-
ditions under which the limit equilibrium, L, occurs. When QF > 0, the L equilibrium
will exist if there is a feasible ap_1 — Hp_1 for which marginal profit is downward-jumping at
QF —(n—1)qr: N (¢ 1, (n—1)gk_1) > 0 and II¥(¢k_,, (n—1)¢%_,) < 0. From the expres-
sions for Hqc and Hgs given in Appendix B, these two conditions are satisfied simultaneously
if

A(l+c¢)(n—1)
~ 2(n+14¢)?

(22)

Clearly, for monopoly the right hand side of (22) is zero and there is a set of values for

15Clearly ¢=0 violates Assumption 1, but we are not attempting to compute the equilibrium in this particular
case, rather we only want to isolate the incentive to sell to speculators.
16See (65) in Appendix B for the general form for Hqs.
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ar_1 — Hp_1 in which an L equilibrium exists for any w > 0. Furthermore, the right hand
side of (22) is non-monotonic in n, increasing at n = 1 and then decreasing to zero for large
values of n, which means that it is less likely to be satisfied for market structures consisting of
an intermediate number of firms. As the limit equilibrium represents the willingness of firms

to deter speculation, we can summarize this result as:

Proposition 4. The possibility that an equilibrium exists in which speculative storage is

deterred is non-monotonic in n.

With these two simple cases, we have shown that the strategic incentive to sell to spec-
ulators is non-monotonic in the number of firms. The general relationship between market
structure and speculation in period 7' — 1 equilibrium also depends on the desire to smooth
production costs, so the net effect is difficult to discern in general. We now turn to a computed

example to illustrate this relationship for a particular set of parameter values.

3.5 Example

Although we have explicit solutions for output in each type of equilibrium, the profit compar-
ison required to rule out deviations to another equilibrium type are too complex to perform
analytically. However, it is straightforward to compute them for a particular example, using
the closed-form expressions for output determined above. We set A = 20, 6 = 0.95, w = 0.2,
and choose ¢ = 0.6 which satisfies Assumption 1 for n > 1. Consequently, we are certain
that marginal profit for firm i is decreasing apart from the discontinuities at Q¥ — Q;_l or
@ — QEi_l. We find the T' — 1 equilibrium as described above for n = 1,2,...,80 and for
500 equally spaced values for ar_; € [0,20]. The proportion of occurrences of each type of
equilibrium for each value of n is illustrated in Figure 1 for zero initial stocks,!” Hy_1 = 0.

The C equilibrium is the the unique equilibrium for large first period demand and for large
n, with more than 78 firms speculation is blockaded and only the C equilibrium is possible.
The C'S equilibrium occurs for a large set of parameters and is the unique equilibrium over a
substantial range. There are a large number of situations for which we have multiple equilibria
of either C and C'S. An equilibrium of the CS type exists more than 50% of the time for a
wide range of n, which implies that speculators are carrying inventory even though demand
is expected to fall.

The consumer exclusion equilibrium () occurs over a significant range of states when the
market is not very competitive. When it occurs, it is usually the unique outcome, although
there are a relatively small number of cases in which either S or C'S can be the equilibrium.
The limit equilibrium (L) occurs for a small number of demand states when there is one firm

or when there are 76-78 firms.

"We are most interested in what happens with zero initial stocks as this case allows a direct comparison to
the Cournot equilibrium in the absence of storage.
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Figure 1: Equilibria in period T — 1.

The proportion of demand states for which the CS equilibrium obtains in Figure 1 is
non-monotonic in the number of firms. This is true even when we consider only the situations
in which C'S is the unique equilibrium. To examine the implications of non-monotonicity
in the type of equilibrium for expected price and welfare, we compute speculative purchases,
expected price and welfare for n = 1, ..., 80 and plot the results in Figure 2. The effect on prices
and welfare are computed as the difference between the equilibrium values with speculation
and those without, expressed as a proportion of the latter. We see that the level of speculative
purchases is non-monotonic in the number of firms, peaking at around 10 firms and slowly
declining to zero at over 70 firms. Expected period T price mirrors the level of stocks carried
and clearly speculation has the effect of reducing period T prices. However, the effect on
T — 1 price is dependent on market structure: with relatively few firms speculation causes an
increase in expected T'—1 price, due largely to the relatively high prices when the equilibrium
is §. With more firms competing, however, the effect of speculation is to reduce expected
T —1 price as the S equilibrium occurs only rarely. The implications of these effects on welfare
are shown in the lower right panel of Figure 2 in which we plot the effects of speculation on
the discounted sum of expected welfare (consumer surplus plus producer profit) against the
number of producers. Again we see a non-monotonic effect: welfare increases for relatively
concentrated market structures, but actually falls for relatively unconcentrated ones. The

magnitude of the welfare effects of speculation in this example is not large (at most under
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Figure 2: The effects of speculative storage on expected price and welfare relative to that in
the absence of speculation.

2% of expected welfare in the absence of speculation) but there is potential for substantial
redistribution between consumers and producers within periods as seen by the effects on the
expected T — 1 price, which can be as high as 15%.

To see the effects of higher storage costs and to demonstrate that the limit equilibrium
need not be as rare as we see in Figure 1, in Figure 3 we plot the equilibria that obtain with a
value of w = 1.1 and all other parameters the same as in Figure 1. Not surprisingly, equilibria
with storage occur much less frequently and the stockout equilibrium is the unique outcome
for n > 12. The L equilibrium occurs somewhat more frequently for the monopoly and when
there are 10 to 12 firms. The higher cost of storage makes deterrence of speculators easier to

attain while retaining the non-monotonicity discussed above.

4 Equilibrium for t <7 —1

Explicit expressions for output in the T — 1 equilibrium were possible due to the relatively
simple equilibrium in period 7. In particular, speculators’ behaviour was quite simple in
that they sell their stocks as long as pr > 0, allowing us to compute the expectation of the
period T price with little difficulty. In periods prior to T — 1 however, we are not able to

derive closed-form solutions for pf and V,° due to more complex behaviour by speculators
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Figure 3: Equilibria in period T' — 1: Increased storage cost.

in the following period. Consequently, we turn to numerical approximation methods to find
approximate equilibria to the game for periods T' — 2 and earlier in order to demonstrate the
the analytic results established for period T'— 1 continue to obtain for ¢t < T — 1.

We apply the collocation method,'® using cubic splines to approximate the expected price
and value functions, denoting these approximations p; and v;;. We start with the period
T solution presented above and iterate backwards. Given a vector of m values for Hyyq
between 0 and Hy,ae, H = (0, H', ..., Hypaz) We compute the vectors p§ and V,¢ which are the
expected price and value associated with future stocks given by each element of H, i.e., for
k=1,2,...m,

A
B = / P2 (a, 1)/ Ada (23)
0
and

A
Vi = / Ve (a, i) /Ada (24)
0

with pf,,(a, H) and V| (a, H) the equilibrium price and value functions in period ¢+-1 given
state (a, H) and period ¢ + 1 approximations py11 and vy;. Our approximation to p§(H),
pi(H), is found by fitting a cubic spline to the H and p§ vectors. Similarly, we fit a cubic

18 Judd (1998), Ch. 11 provides a description of the method, which he applies to the competitive storage
problem in Ch. 17.4
19We look for symmetric equilibria only, so the expected value function is identical for each firm.
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spline to H and V¢ to generate our approximation to V¢, v (H).

In summary, to find the solution in any period ty:

Step 0 Compute the period 7' equilibrium price and value, pi(a, Hy) and Vi (a, Hy), k =
1,...m, using (12) and (14). Set t =T — 1.

Step 1 For each k=1, ..., m compute

A
pfk:/ pii1(a, Hy|piy1, viq1)/Ada, (25)
0

A
V= [ Viala Bulpiaen) Ado (26)
0

Step 2 Fit a cubic spline to (H, p§) and (H, V;¢) to form p;(H) and v,(H)
Step 3 While t > ¢y, decrement ¢ by one and return to Step 1.

When computing the equilibrium for period ¢ + 1 an equilibrium selection is required for
the cases in which multiple equilibria occur. We assume producers play C when both C' and
C'S are possible and C'S when both C'S and S are possible.2’

In order to analyze a representative period to check the robustness of the analytic results
for the period T'— 1 equilibrium, we choose a value for ¢y for which precedes T sufficiently for
there to be little variation in the expected price function from period to period. In particular,
we iterate until there is no more than a 0.1% variation in p;(Hy) for each k between periods
to + 1 and tg. The resulting ¢ty depends on n, so we present results for the earliest ty over
n =1,...,80, which for the parameters used in our example gives tg =T — 10 when n = 3.

The equilibrium type that occurs in period T'—10 with Hy_1g = 0 is illustrated in Figure 4.
The qualitative nature of Figure 4 is similar to that of Figure 1, illustrating that the analytic
results obtained for period T'— 1 are robust to situations with a more distant time horizon.
One notable difference between the two figures is that, while the set of circumstances in which
the C'S equilibrium obtains is similar, there is an increase in the number of states in which
C'S is unique relative to the multiple equilibria with C'. Essentially, the set of states for which
the stockout equilibrium, C, is possible has shrunk. The reason for this is that in T — 1
sales to speculators are guaranteed to be re-sold in the following period, while in 7" — 10
there is a possibility that they will not be re-sold, effectively lowering the cost to producers
of allowing speculators to carry inventories. This effect reduces the incentives for firms to
trigger a stockout. For similar reasons, the frequency of the consumer exclusion equilibrium,

S, is larger than was the case in Figure 1: firms are more willing to allow speculative storage

20As with finitely repeated games, for which Benoit and Krishna (1985) show that a large set of subgame
perfect equilibria can be sustained when there are multiple stage game equilibria, other subgame perfect
equilibria may arise here due to the potential multiplicity of equilibria in any period prior to T'.
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Figure 4: Equilibria in period T — 10.

resulting in a higher price which is more likely to cause consumers to withdraw from purchasing

output.

5 Conclusion

Our results indicate that speculation storage is more likely to occur under an oligopoly mar-
ket structure than under the extremes of monopoly and perfect competition. Furthermore,
speculation can have a dramatic effect on the nature of the equilibrium in a non-cooperative
setting. Of particular interest are the results that consumers may be excluded from purchasing
in a particular period and that the degree of speculative storage can vary non-monotonically
with market structure. We demonstrated with an example that this can cause non-monotonic
effects on prices and welfare. Although the net effect on total welfare is modest, there are
significant distributional effects of speculation between producers and consumers as well as
over time and these effect vary with market structure. As many commodity markets feature
oligopolistic production, our results suggest that the prevalence of concern about speculation

may be warranted.

20



References

James J. Anton and Gopal Das Varma. Storability, market structure, and demand-shift
incentives. The RAND Journal of Economics, 36(3):520-543, 2005.

Lanny Arvan. Some examples of dynamic Cournot duopoly with inventory. Rand Journal of
Economics, 16(4):569-78, 1985.

Jean-Pierre Benoit and Vijay Krishna. Finitely repeated games. Econometrica, 53(4):905-922,
1985.

CRC. Standard mathematical tables and formulae. CRC Press, Boca Raton, FL, page 43,
1996.

Angus Deaton and Guy Laroque. On the behavior of commodity prices. Review of Economic
Studies, 59:1-23, 1992.

Angus Deaton and Guy Laroque. Competitive storage and commodity price dynamics. Jour-
nal of Political Economy, 104(5):896-923, 1996.

Paolo Dudine, Igal Hendel, and Alessandro Lizzeri. Storable good monopoly: the role of
commitment. The American Economic Review, pages 17061719, 2006.

European Commission. Tackling the challenges in commodity markets and on raw materials.

Communication 25, 2011.

Jeffrey A. Frankel and Andrew K. Rose. Determinants of agricultural and mineral commodity
prices. In R. Fry, C. Jones, and C. Kent, editors, Inflation in an Era of Relative Price Shocks,
pages 1-51. Reserve Bank of Australia, Sydney, 2010.

Liang Guo and J. Miguel Villas-Boas. Consumer stockpiling and price competition in differ-
entiated markets. Journal of Economics & Management Strategy, 16(4):827-858, 2007.

Robert L. Gustafson. Carryover levels for grains: A method for determining amounts that
are optimal under specified conditions. Technical Bulletin 1178, United States Department
of Agriculture, 1958.

Eric Jones, Travis Oliphant, Pearu Peterson, et al. SciPy: Open source scientific tools for
Python, 2001-. URL http://www.scipy.org/.

Kenneth L. Judd. Numerical Methods in Economics. The MIT Press, Cambridge, Mas-
sachusetts, 1998.

Lutz Kilian. The economic effects of energy price shocks. Journal of Economic Literature,
46:871-909, 2008.

21



Lutz Kilian. Not all price shocks are alike: Disentangling demand and supply shocks in the
crude oil market. American Economic Review, 99:1053-1069, 2009.

Lutz Kilian and Daniel P Murphy. The role of inventories and speculative trading in the
global market for crude oil. Journal of Applied Econometrics, 29(3):454-478, 2014.

Paul Klemperer and Margaret Meyer. Price competition vs. quantity competition: The role
of uncertainty. The RAND Journal of Economics, 17(4):618-38, 1986.

John McLaren. Speculation on primary commodities: The effects of restricted entry. Review
of Economic Studies, 66:853—71, 1999.

Sébastien Mitraille and Michel Moreaux. Inventories and endogenous Stackelberg leadership
in two-period Cournot oligopoly. Journal of Economics & Management Strategy, 22(4):
852-874, 2013.

Sébastien Mitraille and Henry Thille. Monopoly behaviour with speculative storage. Journal
of Economic Dynamics and Control, 33:1451-1468, 2009.

David M. Newbery. Commodity price stabilization in imperfect or cartelized markets. Econo-
metrica, 52(3):563-578, 1984.

David M. G. Newbery and Joseph E. Stiglitz. The Theory of Commodity Price Stabilization:
A Study in the Economics of Risk. Oxford University Press, 1981.

Paul A. Samuelson. Stochastic speculative price. Proceedings of the National Academy of
Sciences, 68:335-7, 1971.

Jose A. Scheinkman and Jack Schechtman. A simple competitive model with production and
storage. The Review of Economic Studies, 50(3):427-441, 1983.

Amartya Sen. Ingredients of famine analysis: availability and entitlements. The Quarterly
Journal of Economics, 96(3):433-464, 1981.

James L. Smith. World oil: Market or mayhem? Journal of Economic Perspectives, 23(3):
145-164, 2009.

Henry Thille. Inventories, market structure, and price volatility. Journal of Economic Dy-
namics and Control, 30(7):1081-1104, 2006.

Jeffrey C. Williams and Brian D. Wright. Storage and Commodity Markets. Cambridge
University Press, 1991.

Brian D. Wright and Jeffrey C. Williams. Anti-hoarding laws: A stock condemnation recon-
sidered. American Journal of Agricultural Economics, 66(4):447-455, 1984.

22



Appendices

A Proofs

A.1 Proposition 1

Proof. (i) For 0 < ¢4, < @ — Q;il, pr—1 > ar—1 and consumer demand is zero, while
if ¢p_; > Q — Q7" 4, pr—1 < ar—1 and both consumer and speculative demand is positive.
Consequently, the individual firm’s first period inverse demand flattens as the threshold CAQ —
Qr_}il is crossed, which results in the firm’s profit being less sensitive to increases in output
for q%_l larger than @ — Q;i_l than for smaller levels of output. Hence, marginal profit must
take an upward jump at qinl = @ — Q}i_l.

(ii) In this case the discontinuity in marginal profit occurs at ¢f. ;, = QF — Q}i_l. A
stock-out occurs and only consumers buy the product when the output of firm ¢ is lower than

this value, and consequently the marginal profit at the left of the discontinuity is
I8(Q" — Q7. Q7 ) = ar—1 — Hr—1 — (2+¢)Q" + (1 4+ 0)Q7" ;. (27)

Since Hp = 0 is also equal to 0 to the right of qéll =Qr — Q;il, the marginal profit at the
right of the discontinuity is

n99(QF — Q7L , Q7 ) = ar—1 — Hr—y — QF — (1 +ec- le> (QF — Q7))

_ 2’}/((1T_1 — HT—l - QL + (511))
A1+ 69) -2

Simplifying the last term with az_y — Hy_1 — QY + 6w = 63A/2 from the definition of QF,
the difference across the discontinuity is equal to

QL - Eil - 5’YA
1448

g5 (QF = Q711,Q7ly) — T (QF — Q71 Q7ly) = (29)
Clearly QF — Q;il > 0 for the discontinuity to be relevant, but this difference may be larger
or smaller than dvA and consequently the marginal profit may upward or downward jumping
at QL — QiT_l.

For the second part of Proposition 1, differentiating (65) yields

S i iy v\ dp®(Hr) Hr Gy i
qu(qT—17 QT—l) = 5 (1 — 26) W — (SB 1— 7 + 55 A — Cqr_1, (30)
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where we have used Hy = Hp_1 + Q71 in S. From (15) we have

dp®(Hr) Hr
dHT——B<1—A>, (31)
so we have ;
5 = —26(8 — ) (1 — IZT) + 55"’1—1 —c. (32)

i
dr—1

The first term in (32) is negative since 8 > . By Assumption 1, 08 < ¢, so 033

< ¢ since
q%_l < A must be true. Consequently, ng < 0.

The same analysis can be performed for 117 (¢f-_;, Q7" ;). Differentiating (66) with re-
spect to ¢_, yields

HquS:_<1_27 dX >5dp(HT) dX <1+ dX )

BdQr—1 dHr dQr—i dQr—1
0% > 22X 2X
+220p°(Hr—1 — X(Qr-1)) 75— —qr-15~5— —¢C (33
ERA Cr g T g, o B
Considering the first term in (33), % < 0 as established above, dQﬁ < 0 from Lemma 1,
T _ T—1

and v < (3, so the first term is negative. From Lemma 1, délf,l is smaller than one in absolute

value, so the second term in (33) is also negative. Also from Lemma 1, we have

22X 58/A

1B, (14080 (Hr — X(@r)/AP

0, (34)

so the third term in (33) is negative. Finally, under Assumption 1, we have

L /A
53 dr1/4_ <68 <ec. (35)
(1+6B(1 — (Hr—1 — X(Qr-1))/A)?
since q%_l < A. Consequently, —qﬁ;p_ldg%? — ¢ <0 and H%S < 0. O
T—1

A.2 Proposition 2

Proof. To prove existence, we note that a symmetric S equilibrium exists if the following

conditions are satisfied:
LQ>0.

II. A solution, ¢°, satisfying H&g(qs, (n —1)¢®) = 0 exists with ¢° € (0, @/n) By Proposi-
tion 1, a firm’s marginal profit is decreasing in its own output, which results in unique

and continuous best responses. Consequently, ¢° € (0, @ /n) if
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(a) a producer’s best response to its competitors producing zero output is to produce

positive output. This is ensured if
S
11, (0,0) > 0, (36)

(b) a producer’s best response to its competitors each producing @/ n is to produce
less than @ /m. This is ensured it

I (Q/n, (n — 1)Q/n) < 0. (37)

III. Producers do not wish to deviate by increasing output to induce sales to consumers.
Proposition 1 establishes that marginal profit jumps upward at g = @ —(n— 1)@ /n, S0
there may a profitable deviation into the CS region. A sufficient (but not necessary)

condition to rule such a deviation out is

% (@Q = (n = 1)¢°, (n— 1)¢°) < 0. (38)

We examine the conditions under which each of these conditions holds in turn.

First, condition I is satisfied if

2
HT‘1> %8 A _ . (39)

_ 1-— —
9T-1 < < A ) 2
As the right hand side of this inequality is decreasing in both Hy_1 and n (since § is decreasing
in n), (39) holds for small but positive values of ap_1, Hy_1, and n.

Condition Ila requires

2
(ﬁ—2y)§ (1—HZ‘1> —w>0 (40)

or

2w
Hr_ 1 <A (1 — M) (41)

which is independent of ap_q1. As 8 — 2v is decreasing in n, the right hand side of (41) is
decreasing in n, and so is more likely to hold for small H7_; and small n.

Condition IIb requires

~\ 2 ~ ~
-2 (1145 0) o (s (119 ) Do
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Since the final term on the left hand side of (42) is negative, it suffices to demonstrate that

the first two terms sum to a negative quantity. From the definition of @ in Lemma 1, we have
1-— HT_AlJrQ =4/ aq(;zg;;;gw, so the first two terms of (42) will be negative if

(8- 2y) XL ), (43)
553
or 25
Y
ar—1 < 5 — 2,7111. (44)

Since the right hand side of (44) is strictly positive, there are values of ar_; > 0 that satisfy
(44). Consequently there are positive values of az_; for which (42) and hence (37) are satisfied.

Note that since ﬁgv = the right hand side of (44) is decreasing in n, so

2+
(1+¢) (n+1+cc)—(2+c) ’
the more concentrated the market is, the larger the range of ap_; for which (44) holds.

Using (66) and (15), condition III requires

dX7 4
dQr—-1

2y(ap—1 + dw)
B(1+08 <1—HT*T1+@))

(45)

aT_1<<1+ +C> (Q—(n—1)¢°) +

where we have used )N((@) = —Q. Since —1 < Zgij < 0 from Lemma 1 and Q > (n—1)¢°

in a feasible S equilibrium, the right hand side of (45) is strictly positive. Consequently, (45)

holds for a sufficiently small, but positive value for ap_1.

To demonstrate that all four conditions can be satisfied simultaneously, note that inequal-
ities (39), (44), and (45) define a subset of ar_; bounded between zero and a value which is
positive for sufficiently small Hy_; and n. In addition, (41) holds for sufficiently small values
of Hr_1 and n. Hence, the set of values of ar_1, Hy_1 and n which satisfy conditions I — III
is non-empty, and an S equilibrium exists in this game.

To determine the equilibrium level of output, we find ¢° that solves HqS (¢°, (n—1)¢") = 0.
From (65) and (15) this becomes

2
5(5_2,7)3 (1_HT_1£QT_1> — 6w —48 <1_HT_1—A'—QT_1> qS—CqSZO, (46)

which, using Hj‘? =Hpr 1+ Q%_l, becomes

A HS\? HS\ HS — Hp_ HS — Hp_

S
Making the substitution H2 = A — A (1 - %) for the last two occurrences of Hz in (47)

S
allows us to express the solution as a second degree polynomial in Zp =1 — %, which is the
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probability that demand exceeds period T inventories:

A A(l — Zp) — Hp_ A(l —Zp)— Hp_
§(B —27)=Z2 — sw — 6B (1=Zr) = Hro  AQ=Zr) = Hro g (48)
2 n n
Collecting terms, this can be written as KlZ% + KoZp 4+ K3 = 0 with
K1=5<5_27+5)A
2 n
)
Ky = — nﬁ(A Hp_ 1)+ ) (49)

3 = —dw — *(A — HT—I)
n

Note that K is positive and K3 is negative?', so the discriminant, K22 — 4K 1 K3, is pos-
itive. There are two solutions to consider, and as Zp is a probability, we must keep the
one between 0 and 1. The solutions are Z), = (—Ky — /(K2)2 — 4K, K3)/2K; and Z} =
(—K2 ++/(K2)? — 4K, K3) /2K, where Z/. is negative®?. Therefore we have

HS  %B(A-Hr,)- A+ VA

Zr=t-p = 55— 27 + 28/m)A (50)
with
A:< CW(A Hr 1) + A) +45<5_22’Y+§>A<5w+ (A—Hp_ 1)) (51)

The aggregate quantity produced is then equal to

A
B(A—Hpy)— A+ VA
5(5—2ry+2§)
6(B—2v+2)(A-Hr)+ £A-VA

- 5 (,3 oyt 25) (52)

HS
Qf | =H} —Hp_1=A-A (1 — > — Hp_y

=A—Hp_1 —

and q%_l = Q%_l/n completes the proof. O

2lFor K5 to be positive, it is necessary that A — Hr_; < 0, that is it is necessary that inventories Hr_1
exceed the maximal demand A; but this would force the price to 0 in period T and make any increase in
inventories in period T'— 1 not profitable anyway, a contradiction to the case we are examining.

22Indeed either K> > 0 and Z/ is obviously negative, or K> < 0 but in that case as K3 < 0 the square root
of the discriminant exceeds —Ks, that is Z, < 0.
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B T — 1 equilibrium details

In this appendix we provide detailed derivations of equilibrium quantities for period T — 1.
We first examine speculators behaviour and then present producers marginal profit and finally

derive the equilibrium output for each type of equilibria.

B.1 Speculator behaviour

The quantities that characterize speculators’ behaviour is summarized in the following lemma:

Lemma 1. There exist unique QF, @, and )?(QT_l) given by
A
QF =ar_1 — Hp_1 — 535 + dw,

@:A(u,/W) — Hy_y,and

~ A2 1 — _ — _ A — A
X 1(Qr1) = Hyy + V(1 +268)A2 +2(ar—1 — Hr 515+ dw —Qr_1)iB (144p)

with the properties that

(i) N
X 1

dQr—1 _1 +0 B(1— (Hp-1 — X(QT—I))/A) =Y

(ii) @ and Q% cannot be both positive: either one is positive and the other negative, or both

are negative.

Proof. The expression (and uniqueness) of Q¥ is straightforward from using (15) in (5):
QY =ap_1 — Hy_y — 6(BA/2 — w). (53)

For Q, using (15) in (6) we have

~ 2
55% (1 - HT*ZQT*> —Sw—ap_1 =0 (54)

~ _ 1)
Qr-1=A4 (1 - UCW> — Hp_q. (55)

To determine )?T_l(QT_l), using (15) in (7) yields

giving immediately

_HT-l—X)LO

A
aT_l—X—QT—1+5w—55§ (1 "
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Adding the difference Hy_1 — Hp_1 to the left-hand-side and using Hr = Hyr_1 — X we can

express this as

H A Hr\?
aT_l—HT_l—QT_1+5w+A—A 1—7T —0B— 1—7T =0 (57)
A 2 A
which is equivalent, denoting Zr =1 — %, to solve in Zr :
A 9
ar_1—Hp_ 1 —Qr_1+ 6w+ A— AZp — 565271 =0. (58)

The discriminant of (58) can be written as A = (14+263) A%2+2(ap—1 — Hy—1+0w—Qr—_1)5 BA.

IfQr_1 <ap_1—Hp_1+d0w+ 12?63, then A > 0 and the only potentially positive root is

_VA-A (1 +258)A% +2(ar—y — Hr—1 + 6w — Qr—1)0BA — A

!
Zr dBA SBA ’

(59)

and speculators position X solves

B Hr_1-—X . \/(1 + 2(55)142 + 2(CLT_1 — Hp_1 + 6w — QT_l)(SﬂA —A

! A 0BA

or

V(1 +20B)A2 + 2(ap—1 — Hr—1 + 6w — Qr—_1)0BA — (14 68)A
op

Xr_1(Qr—1) = Hr_1 +
(60)

If Qr_1 > ar_1 — Hy_1 + 6w + 12%6’6)% then A < 0 and no real roots exist for (58);
moreover, the left hand side of (58) is negative for all Z7, meaning that the first period price

is lower than the expected second period price net of the cost of storage: speculators would
prefer to buy an infinite amount in that case.

Property (i) results application of the Implicit Function Theorem to (7) or via direct
differentiation of (60).

To prove property (ii), we need to study the sign of each threshold. From (53),

Ql>0 < ap_1>Hp 1 +083A4/2— dw, (61)
and from (55),
. Hr 1 \*§
Qr-1>20 < ar < (1 - Z 1) ?BA — ow. (62)

For Hr_1 = 0, the right hand sides of (61) and (62) are equal, so clearly only one of Q* and

@ is be positive. For Hp_; > 0, note that the right hand side of (61) is increasing in Hp_1
while that of (62) is decreasing in Hr_;. Consequently, there are only three possibilities: 1)
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QL>Oand@<O,ii)QL<Oand@>O,andiii)QL<0and@<O. d

B.2 Producer marginal profits

The effects of period T'— 1 output choice on expected period T profit is summarized in the

following lemma:

Lemma 2. When speculators carry stocks into period T, Hr > 0, a producer’s expected period

T profit is decreasing in aggregate T' — 1 production, Qp_1:

OE7_1[m7}] v dXp_4 %
= 2= C(Hr_1 — X5 _ <0
9071 1 3 dQT—lp( T-1 T 1(QT 1)) S

where dX75_/dQr—1 is equal to —1 when speculators buy the entire period T' — 1 production,
or to d)?/dQT_l € (—1,0) when both consumers and speculators buy in period T — 1.

Proof. Using (14), expected second period profit is

A (a — HT)2 A2 HT 3
Er_[w(Hr, ar)] = / T T o = <1—> 63
Tl (Hr, ar)] Ve A 73 7 (63)
As Hr = Hr—y — X}_1(Qr—-1), we have
OEr_1[m}] 4 (_ OHr > (1 - I'IT>2 B 2’76)@271 p(Hr) (64)
0Qr-1 0Qr—1 A oQr-1 B
2
where A ( - %) has been replaced by 2p¢(Hr)/8 using (15). O

We now present the marginal profit of a producer’s choice of output in 7' — 1 depending
on which regime of C, S, or C'S obtains. When ar_1 — Hp—1 < §(BA/2 — w) speculators
always carry stocks and consumers are excluded from the market when total output is lower
than CAQ The marginal profit of firm ¢ for an output level q%_l < CAQ — Q;’;l is equal to
07 (¢r_1, Q7 1) =6 (1 - 2;) P (Hr-1+Qr-1)—dw—3p (1 - HT_I;QT_I> 1 —cdp_q,

(65)
where we use an S superscript to denote case in which speculators purchase the entire output.
If qin1 > @ — Q}i_l marginal profit is equal to

dX
dQr—1

CS( i N ~v dX
I, (thQTl):é(lJrzﬁdQTl

) P (Hr—1—X(Qr_1))—dw— (1 + ) @p_1—cq_ 1,

(66)
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where we use a C'S superscript to denote the case in which both consumers purchase and
speculators carry stocks into the final period.

When ap_1 — Hp—1 > 6(BA/2 — w) consumers always purchase positive quantities and
a stockout occurs when total output is lower than Q. The marginal profit of firm i for an

output level q%_l <QF - QF_I is equal to
¢ (41, Q") = ar—1 = Hr—1 = 240y — Q7' — cdp_y, (67)

where a C superscript denotes the case in which consumers purchase the entire 7' — 1 output
plus speculative stocks. Finally, if qép_l > QF — Q}i_l then the marginal profit is again given
by equation (66).

B.3 Derivation of g¢cg

Output in a CS equilibrium obtains when Hqcs (gcs, (n — 1)ges) = 0 and is detailed in the

following proposition:

Proposition 5. In a smoothing equilibrium, a firm individual output is equal to

_1 K2 * A K2 * ?
qu—n(aTl Hr 1 +ow+ A A< 3K,1+Z> 552< 3K,1—|-Z)>

where Z* is the solution® to Z2 + EZ + F =0 for which 31(721 <Z*<1+ ;(721, and where

1 K2 1 K3  K3K»
E=—|Ky——2 ), F=— (Ks+2—2, —
K1< 3 3K1>’ K1< 4 27TK? 3K, )

with K1 = 6(1 + c)éﬁg,

Ky =(0(14+c¢)+66(1+2c) — 2nov) év

Ks=—-0(14c)dw+ (c—(14+¢)dp)A — (1 +c¢)éB(ar—1 — Hr—1)
Ky=—(n+c)ow —cA —clap—1 — Hr—1).

Proof. In a symmetric C'S equilibrium output is determined by the solution to the first order
condition Hqcs(qg‘_gl, (n—l)qg*_ql) =0. Since pr—1 = ap_1—Xr_1(Qr-1)—Qr—_1 = 6(p*(Hr)—
w) in C'S with p°(Hr) given by (15), this reduces to

Al Hp\? e 2564 (1- )
o0 (15 oo (1 v e (e m))

ZThe specific closed form solution to this cubic equation is presented in the proof for brevity.
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Using Zp =1 — Hp/A, we use (58) express aggregate production as
A
QT,1 =ar—1 — HTfl + ow + A— AZT - 5B§ZT’ (69)

which can be used with Lemma 1 to get

dXr_1 ~1 -1 (70)
dQr-1 1+ 68(1 — F(Hp_y — Xp_y)) 1+08Zr
We can now express the zero marginal payoff condition as
A 27634 Z2
0B=2Z%—bw— (1 e I i R A 71
052 —ow ( e 1+552T)qT—1 B(1+0527) (71)

Since qg‘_q 1= ng 1/m in a symmetric equilibrium, using (69) we have

1+ 632y n 11682y
(72)

which is a cubic equation in Zp that we write as KlZ% + KQZ% + K3Zr 4+ K4 =0, with

A 1 1 —Hr o+ 0w+ A—AZp —6p473  20v4 23
5622%—611;—(14—0— >GT1 T-1+ 0w+ T — 08527 Y341

Ki=m+1+ c)(éﬁ)Qg =0(1+ c)éb’g (73)
Ky, = n&ﬁg — 2n(5’y§ + 550? + A1+ ¢)op

= (08(n+c+2(1+c¢)) — 2ndy) 4

2
= (0(1+¢)+5(1+ 2¢c) — 2ndvy) g (74)
K3 = —nowdp + cA— (1 +c¢)dp(ap—1 — Hp—1 + ow + A)
=—0(1+c)dw+ (c—(1+¢)0B)A - (1+c)dB(ar—1 — Hr—-1) (75)
Ky = —now — clap—1 — Hr—1 + dw + A)
=—(n+c)dw —cA —clar—1 — Hr_1) (76)

To determine the solution, we can first change the variable Zp =Y — 3[(721 This first change

leads to the depressed cubic equation

1 K2 1 K3 KK
Y34+ — (K3— —2 v+ — (K +2—-2 _2322) 77
+K1< 3 3K1) +K1< at 27K? 3K, (77)
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Then, defining

1 (Ky)?
F=1 <K3 3K, > ()

1 (K2)? K3Ko
F=—|Ky4+2 — 79
K1 ( P T 3K ) (79)
the cubic equation we need to solve is:
Y3+ EY + F=0. (80)

The following defining states the solution to a depressed cubic equation

Definition 1. [CRC (1996)] Let P(Z) = Z>+ E-Z + F a third degree polynomial. The three
solutions {Z } k=012 to P(Z) =0 are:

1. if 27F% + 4E3 > 0, given by the real quantity:

g F+ /F2+E3+3 F /F2+E3
0= 2 4 o7 2 4 "or

and the two other roots are complexz,

2. if 271F? + 4E3 < 0, given by the quantities:

| E 1 3F | 3 27
Zy, =2 —3cos<3arccos<2E _E_k?))) fork=0,1,2,

which are all real.

From Definition 1, depending on the sign of 27E3 4 4F2, there can be up to three real
solutions to this equation. As we are searching for a probability, we select the solution Y*
which verifies the fact that Zr = Y* — 31% belongs to [0, 1], that is 3[(721 <Y*<1+ 31% O

B.4 Characterization of 7' — 1 equilibrium

In this appendix we determine the conditions governing the existence of the alternative types
of equilibria in terms of values of (Hpr_1,a7—-1). As a complete characterization is not pos-
sible analytically due to the difficulty in comparing deviation profits when marginal profit
is upward-jumping at Q¥ or @, in this situation we demonstrate how the optimal deviation
output is calculated when computing the results for the example in the text. There are three

broad situations to examine depending on the signs of Q% and @ which we consider in turn.
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B4.1 QF, Q<0

The case in which both Q% and @ are negative corresponds to a situation in which gcg is the

unique symmetric Nash equilibrium to the game. This happens if:

Hr_1\* o8
1— " ?A —ow<ar_1 < Hp_1+08A/2 - éw (81)
As the marginal profit is continuous and decreasing in the individual quantity, there are no

global deviations to consider in this case.

B.4.2 QF>0

Consider now the case in which @7, is positive and @ is negative. From previous analysis, this
occurs if ap_1 > Hp_1+08A/2—dw. In this case, three different equilibrium candidates must
be considered. Moreover let us distinguish two sub-cases, §3 % —dw >0 and 05 é —dw < 0.

In the case where 63 g — dw < 0, storing is never profitable for speculators: the maximal
return net of storage cost they can obtain in the last period is negative. Consequently a
stock-out in period T — 1 always occurs when 5B§ — dw < 0, and depending on the sign of
ar—1 — Hp_1 the price and the quantity produced in period T — 1 are positive or nil, and the

equilibrium output is equal to

1
qo = max {n(l — 5)(&7“_1 - HT—l), 0} (82)
Note that the N P equilibrium in which no production takes place can occur if simultaneously
the return of speculation is negative, d3 g — dw < 0, and the initial inventories are too large
compared to potential demand, ar_1 — Hp_1 < 0.

In the case where § Bg —dw > 0, the marginal profit may jump up or down at an aggregate
output level equal to QF. However as we are working under the assumption that ap_1—Hp_1—
6B§ + 0w > 0, the N P equilibrium cannot be an outcome. There are three possible equilibria
we must examine: C, C'S, and L. Let us start with the L equilibrium, for which each firm’

marginal profit is downward jumping.

L equilibrium. A limit equilibrium L exists in period T' — 1 when the marginal profit

jumps down at the individual output

oy = @1 aroy = Hroa = 36A/2+ dw
n n ?

(83)
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that is when

0 (qf_y, (n— 1)gf_y) >0
A
& aro1—Hp 1 < (55 — 5% (84)

and

HqCS(Q:IF—h (n— 1)Q%—1) <0

5(1+C)+n+c(65§6w> dynA

& ar—1— Hro1 > 38+ e(1+0p) 7m

(85)

These two conditions are the exact conditions under which an L equilibrium exists, and as
the marginal profit is piece-wise decreasing no individual deviation from L exists when these

conditions are satisfied.

C equilibrium. A C equilibrium will exist if

maX{HqC(Q%“—l —(n— 1)@%—17 (n— 1)(]%—1), HqCS(Q%—l —(n— 1)q7Q—17 (n— 1)Q:(Fj—1)} <0 (86)

These conditions can be expressed as a function of the model parameters only, using the

expressions of the marginal profits and of the quantities:

g (Q" — (n—1)go, (n — 1)ge) <0
(24 c)n(0BA/2 — dw)

< ar-1—Hr1 > (+o(l+(n—15) (87)
and
IE9(QF — (n — 1)go, (n — 1)ge) <0
(98 + (1+ 3B)(1 + €))n(93% — dw) = ImyA
& oro - Hro 2 = T (12+ (n—1)p) (88)

If marginal profit is upward jumping at Q¥ — (n — 1)¢%_, we need to check that there is
no profitable deviation in which a producer triggers speculative storage. We show here how
this deviation is computed. Denote quS (gc) the solution in ¢ to Hqcs (q, (n — 1)q$_1) =0.

Following the proof of Proposition 5, marginal profit can be expressed as a function of the
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level of inventories Hgs (gc), and the individual quantity qgs (o), as:

A HES 2 1
555 <1 _ dA(qC)> —dw—[14+c— O (g0) ng(QC)
1408 (1 - quC)

29864 (1- Hdci;qc))?
3 (1+08(1- w»

Since Qgs (qc) = qgs (gc)+ (n—1)ge must satisfy the arbitrage equation of speculators which

= 0. (89)

links the aggregate quantity to Hdcs (gc), the deviation quantity must be such that

HC’S A HCS 2
QgS(QC’) =ar—-1 —HT_1+5U)+A—A<1—d(qc)> —555 <1_d(qc)> —(n—l)qc

1 A
_n- (n_n1)(1 =B gy — Hy )4 ow+ A— A <1 . W)
2
-0 (1 Hdci(qC)) -

This expression can be plugged into marginal profit to give a third degree polynomial into
cs

1- HdT(qC) = Z9%(qc), with coefficients K¢(qc), Ki(qc), K$(gc) and K{(qc) to replace

the coefficients K7, K9, K3 and K, defined in Proposition 5. This polynomial can be solved

using Definition 1 and expressions F and F' from Proposition 5. Existence of a C' equilibrium

requires that producing qgs (gc) results in lower profit that is obtained in the C' equilibrium.

CS equilibrium. A speculation equilibrium C'S' exists in period T'— 1 when Hqcs(qcs, (n—
1)gcs) = 0, and when no individual deviation to an aggregate output level implying no

inventories to be carried over exists. A sufficient condition for this is
min{II{ (Q" — (n — 1)qos, (n — 1)qos), 1155 (QF — (n — 1)ges, (n — 1)ges)} >0 (91)
that is:

5 (Q" — (n — 1)ges, (n — 1)ges) <0

& a1 —Hr; < n(2+cc)((5,BA/2 —dw)+(n—1)(w+ A
Ko o, Al Ky _\?
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and

HqCS(QL —(n—1)gcs, (n—1)gcs) >0
(n+c+3(1+ ) (084 — dw) — dynA
(1+¢)(1+68) -1

where Z* is the solution given in Definition 1.

& ar—1—Hp 1 <

If marginal profit is upward jumping at (n — 1)qg§ 1 — QF we need to check that there
is no profitable deviation in which a producer triggers a stockout. We show here how this
deviation is computed. The deviation qg(q(js) is the solution in ¢ to Hqc(q, (n—1)ges) =0,

which is equal to
ar-1—Hpr_1 n-—1

2+4+c _2—|—c

where gog has been obtained in proposition 5. Existence of a C'S equilibrium requires profit

q5 (qcs) = qcs, (94)

under this deviation be lower than that in the CS equilibrium.

B.4.3 Q>0

The case in which @, is negative and @ is positive occurs if ap_y < (1 — HT_l/A)2 OBA/2—dw.
In this case, three different equilibrium candidate must be considered: S, C'S, and NP

equilibrium. Let us start with the latter.

NP equilibrium. An equilibrium involving no production NP exists in period T — 1

when the marginal profit is negative H;]g (0,0) <0:

A Hr 1 \?

I15(0,0) = 6(8 — 2v) 5 <1— T 1) —Sw <0 (95)
2 A

Note that when this condition holds, we can also check that HqCS(O, @T_l) < 0, which guar-

antees that there is not a C'S equilibrium:

.\ 2 A Hy_14+Q
~ A Hr_q + 2075 (1= =3
n$%(0,Q) = 585 (1 _ TlQ) —Sw— ( — +@)
1408 (1 - Hrp49)

<0 (96)

S equilibrium. An S equilibrium exists in period T'— 1 when Hg(qs, (n—1)gs) = 0.

As the marginal profit is upward jumping at @T_l, a sufficient condition for this equilibrium
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to exist is

5@ — (n— 1)gs, (n — 1)gs) < 0
=4 56?—5w—<1+c—1:65) (A 1— aT(S—BlA—;;Sw> Hp_4
8 c
a0 (B D) (A-Hr) A VA 5y ) o
n 6 (8- 2v+22) 1+4p

where A is determined in Proposition 2.

If (97) fails, we must check that no profitable deviation exists that involves a firm inducing
sales to consumers. The deviation ¢5(gs) can be determined in the same way as was ¢5° (q¢).
It is the solution in ¢ to Hqcs(q, (n —1)gs) = 0, and is obtained by linking the aggregate
quantity qgs (gs) + (n —1)gg to HC?S (gs) through the arbitrage equation of speculators (98)

which defines the quantity as a function of speculative inventories:

HCS HCS 2
ng(QS)+(”1)QS=aT1HT1+5w+AA<1dA(qs)> —Mé <1dA(qS)) :

(98)

Using the same method as in the proof of Proposition 5, marginal profit evaluated at this

cs
quantity results in a third degree polynomial in Z =1 — HdT(qS), the solution of which is used
to determine the optimal deviation quantity. The S equilibrium exists if such a deviation

yields lower profit than is obtained in the S equilibrium.

CS equilibrium. A CS equilibrium exists in period T—1 when qus(ch, (n—1)qos) =0
and when no profitable individual deviation exists to an aggregate output level which leads to
an exclusion of consumers. Marginal profit is upward jumping at @, so a sufficient condition

for this equilibrium to exist is

Hf(@ —(n—1)gcs, (n—1)ges) > 0

Aar_q1+ dw lar_1 + dw lar_1 + dw

2
n_1<aT1HT1+5w+AA(Z*K2>55‘;1<Z* KQ) )20
n

3K, 3K,
(99)

To check that no profitable deviation exists in which a producer causes consumers to

cease buying the product, we compute qg(qcs), the solution to Hqs(qg, (n—1)gcs) = 0. This

38



deviation quantity solves

H3(ges) = Hr—1+ (n — Dges + ¢ (qcs), (100)
or S
H
43 (ges) =A— A <1 — d(jCS)> — Hp_y — (n—1)qcs. (101)

Using the same method as in the proof of Proposition 2, marginal profit evaluated at this
Ccs

quantity results in a second degree polynomial in Z = 1 — HC‘T(qS), the solution of which

determines the optimal deviation quantity. The CS equilibrium exists if such a deviation

does not yield higher profits than obtains in the C'S equilibrium.

C Numerical Solution Method

In this appendix we provide some addition details about the numerical method used to com-

pute the equilibrium for periods prior to T — 1.

C.1 Algorithm

We describe here the algorithm for the solution of the T-period model, which is computed
with Python code that utilizes numerical routines from NumPy and SciPy?* (available from
the authors on request). The solution is computed recursively beginning from the analytic

period T solution described in the paper:
1. Starting value: pp_1(H) is given by (15) and vp_1(H) by integrating (14).

2. For periods T—1to T'—k, pr—1(H) and vp_1(H) are determined by fitting cubic splines
to p§(Hyy1) and Vi(Hyq1) as follows:

— Generate expected price and value for each element of a pre-determined vector of

next-period stocks at which to perform the approximation,?® Hy, = (0, H}, HZ, ..., H).

— The expected price and value are computed by numerical integration of the Nash
equilibrium price and value function in period T—k+1 for each H: ,]c This integration
is performed by approximating the uniform distribution for a; on a uniform grid
over [0, A] with 300 values, each with probability 1/300. The expected values for
each ﬁ,ﬁ are collected in the the vectors p = (p°,...,p™) and V = (VO ..., V™).

4 Jones et al. (2001-).

Z5The vector of interpolation nodes, Hy is allowed to vary with k in order to ensure that the maximal level
of stocks at which we perform the interpolation, H}", is large enough to cause pr—x(Hy"*) = 0. By doing this,
we ensure that equilibrium inventories remain within the approximation interval.
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— The SciPy routine interpolate.UnivariateSpline is used to fit cubic splines to

the (H,p) and (H,V) data, resulting in the approximations pr_z() and vy_x().

3. Nash equilibrium calculation: The period ¢t Nash equilibrium is computed using the
approximations py, ; and f/tﬂ which were computed in the previous step. In commuting
this equilibrium numerical routines are required to find )Z'k, @k, and chs . We use the
SciPy routine optimize.brentq for these calculations. An equilibrium selection rule is
required for those situations in which multiple equilibria occur. We impose that the C
equilibrium is played when both C' and C'S equilibria exist, and the C'S equilibrium is
played when both the S and CS equilibria exist. This rule minimizes the amount of

storage that occurs. For any (a, Hy) the equilibrium is computed as follows
— Compute Qé and @k

If Qé < 0 and @k < 0 the equilibrium is either C'S or NP.

If Qﬁ the equilibrium is C, L, or C'S.

— If Qi > 0, the equilibrium is S, CS, or NP.

In each case, when marginal profit is upward-jumping check that no profitable
deviation exists: e.g. for an equilibrium candidate C, if marginal profit is positive
at the level of output that induces an aggregate quantity of QF (H?S (QF — (n—
1)qg, (n— 1)qg) > 0), compute the optimal deviation for a firm ¢%/¢S > QF—(n—
1)q,€. If profit from the deviation exceeds that in the C' equilibrium candidate, the

C equilibrium is ruled out.

To illustrate that the expected price function has “stabilized” by period T"— 10, we plot
pe(H),t =T —10,...,T in Figure 5 for the case n = 3. Both the level and slope of p;(H)
change very little from T'— 10 to T'— 9, particularly for H; = 0, the case of interest in Figure 4.
We plot the expected value function for each period in Figure 6 which shows that by 7" — 10,
it is increasing in a parallel fashion. The slope of the expected value function is essentially
stabilized at Hy = 0 by T'— 10.

C.2 Accuracy

We now provide some evidence of the accuracy of our numerical solution. We do this by first
examining how accurate the method is at computing the equilibrium in 7' — 1 which we can
compare with the analytic solution. Second, we examine the approximation residuals for the
T — 10 solution.

In order to examine the accuracy of our method at replicating the period 7" — 1 solution,
we can compute the interpolated expected price and value functions, pr_1(Hy) and vp_1(Hy)

and compare them with the analytic solutions give by (15) and the integration of (14). For
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Figure 5: Expected price function, py(H),t =T — 10,...,T.
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Figure 6: Expected value function, v, (H),t =T — 10,...,T.
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Figure 7: Period T'—10 approximation residuals for expected price function (left) and expected
value function (right).

the parameters given in the paper and H™ = A = 20, the difference between the interpolated
expected price and value functions an the actual is of the order 10~1° for any order of approx-
imation, m, which is not surprising since the expected period T price and value are quadratic
functions of Hp. Consequently, the solution using the interpolated approach yields the same
results as reported in Figure 1.

To judge the accuracy of the approximation for period prior to 7" — 1, we examine the
approximation residuals which are computed by comparing the interpolated expected price
function, p;(H) to the “actual” expected price on a finer grid than was used to generate the
approximation. The “actual” expected price is computed by integrating pii1(ar+1, H) over
ar+1 given pp1(H). We use a grid five time finer that the one used to compute Figure 4 and
plot the residuals in Figure 7. We were unable to get higher accuracy with this algorithm which
seems to be related to difficulty with numerical integration of the price and value functions.
Since equilibrium output is discontinuous at points where the type of equilibrium changes
when marginal profit is upward jumping, equilibrium price and profit are also discontinuous

in a; and H;.
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